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ABSTRACT: Radar observations of small cumulus clouds are compared to predictions of radar measurements based on
in situ measurements and the theory of radar back-scatter. At the wavelengths used, both Rayleigh and Bragg scatter can
be important in small cumulus. A theoretical derivation of radar back-scatter from small cumulus clouds, in which both
terms are succinctly derived using a common mathematical model, is presented.

For the earliest stages of cumulus clouds, the predictions of Bragg scatter, based on in situ measurements of water-vapour
fluctuations, are in close agreement with radar-measured Bragg scatter. This suggests that the theory is adequate and our
interpretations of the radar observations are correct. These interpretations include identifying regions where entrainment
and mixing are ongoing, identifying adiabatic cores, and estimating the Kolmogorov microscale of turbulence.

As the small cumulus develop and enter the early collision and coalescence stages, another source of Bragg scatter can
become significant. It is argued, via observations, that the additional Bragg scatter comes from anomalous liquid-water
fluctuations. These liquid-water fluctuations are called ‘anomalous’ because they exceed what would result if liquid water
mixed as a passive scalar. The Bragg scatter caused by liquid water may reach effective values of 5–10 dBZ, for a
3 cm-wavelength (X-band) radar, and thus confounds attempts to derive Rayleigh-scatter values below this level using a
dual-wavelength (X- and S-band) radar system. Copyright  2007 Royal Meteorological Society
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1. Introduction

The purpose of this study is to identify the sources of
Bragg scatter in small cumulus clouds and to provide
physical interpretations of combined radar and airborne
observations. Bragg scatter is a measure of the fluctuation
of the atmosphere’s electric permittivity on the spatial
scale of half the radar wavelength. Data from the
Small Cumulus Microphysics Studies (SCMS) project,
which was designed to study the early development of
precipitation in cumulus clouds, are analysed for this
purpose. Knight and Miller (1998) summarize and discuss
this project, and the dual-wavelength radar (CP-2/NCAR,
S and X bands) used, including physical interpretations
and how both Rayleigh and Bragg components may be
derived from the two signals. The Rayleigh signal is used
for the study of precipitation development. However,
since the Bragg signal is also available, these data provide
us with a good opportunity to study mixing in small
cumulus. The use of radar, which can observe the entire
cloud, to study mixing could have an advantage over the
use of aircraft in situ observations, which are limited in
coverage.

* Correspondence to: Brad Baker, SPEC Inc., 3022 Sterling Circle,
Suite 200, Boulder, CO 80301, USA. E-mail: brad@specinc.com

Before the Bragg signal may be confidently used to
study mixing in clouds, it is first necessary to verify
that the sources of Bragg scatter are well understood. In
this study, in situ aircraft measurements (C-130/NCAR,
Merlin/Meteo-France) are used to estimate the Bragg-
scatter signals, and these are compared with the observed
radar values. The radar equation, including both Rayleigh
and Bragg terms, is derived in Appendix A using a single
mathematical model. This allows us to refer explicitly
to individual contributions to the Bragg scatter. These
terms are then used in Appendix B, which shows how
the radar Bragg scatter is estimated from in situ aircraft
measurements.

Many of the radar observations and characteristics
presented here are similar to those of Knight and Miller
(1998). However, some of our interpretations differ from
theirs. The main difference is in the determination of
adiabatic cores in the early stage of the small cumulus,
before collision and coalescence. During this early stage,
Bragg scatter is dominated by water-vapour fluctuations,
as expected (Gossard and Strauch, 1983). However, in
more developed stages this is not always the case.
Erkelens et al. (2001) review the data presented by
Knight and Miller (1998), and present a number of
theoretical arguments whereby the Bragg scatter in the
interior of the cloud could be dominated by return from
the droplets rather than water vapour. We will present
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evidence, based on comparisons between in situ aircraft
and remote radar observations, demonstrating that the
droplet contribution does indeed dominate under certain
circumstances.

2. Terminology

When the scatterers are small in relation to the radar
wavelength, the returned power can be closely approxi-
mated by the simple sum of two distinct terms, called the
Rayleigh and Bragg terms. These two terms result from
different physical aspects of the air being scanned (Gos-
sard and Strauch, 1983). In Appendix A, both terms are
derived using a single mathematical model of the phys-
ical situation. We include the derivation in this paper,
firstly because other derivations use different mathemat-
ical models (one discrete and one continuous) for the
two parts, and then add the terms together (Gossard and
Strauch, 1983); and secondly because it allows us to refer
to, and discuss, the various contributions to the radar mea-
surement as explicit terms in an equation.

The Rayleigh term Z is strongly dependent on the size
of the scatterers. For spherical particles it is proportional
to the sixth moment of the particle-size distribution. Thus
it can be used to observe the growth of the hydrometeors.

The other term is often called Bragg scatter, and this
is the central subject of this study. It is caused by spatial
fluctuations in the electric permittivity, dielectric con-
stant, or electric susceptibility of the medium. Since
entrainment and mixing generate such fluctuations, Bragg
scatter can be used to explore these processes. During the
early stages of cumulus-cloud formation, the droplets are
small (with radii of the order of 10 µm), and for radar
wavelengths greater than a few centimetres the Bragg
term dominates the signal. As the droplets grow larger,
first by condensation and then by collision and coales-
cence, the magnitude of the Rayleigh term increases, until
it equals, and then exceeds and dominates, the Bragg
term. Thus, although the radar may display dBZ, when
observing small cumulus it should be remembered that
this is an effective dBZ, since the signal can be influ-
enced, if not dominated, by Bragg scatter. The effective
dBZ for the X- and S-band radar will be denoted by
dBZe X and dBZe S respectively. The actual reflectivity,
once the Bragg component of the effective reflectivity
has been removed, will be denoted by dBZ. The Bragg
component of the effective reflectivity will be denoted by
dBB: this is what an S-band (10 cm) radar would display
as its effective reflectivity (dBZe S) if its signal consisted
of the Bragg term alone. The method of deriving dBZ

and dBB estimates from measurements of dBZe X and
dBZe S is described in (Knight and Miller, 1998).

The value of dBB can also be predicted from in
situ aircraft measurements. In Appendix B, the radar
equation derived in Appendix A is rewritten in terms of
quantities measured in situ with airborne instruments, and
the method of estimating radar returns from in situ data is
shown. This derivation separates, as individual terms, the

various sources of Bragg scatter, including fluctuations in
water vapour and liquid water.

3. Direct comparison for small clouds

In the early stage of small cumulus, before collision and
coalescence, there is very good agreement between radar
measurements and the predictions of theory and aircraft
measurements. At this stage, both radar signals are typi-
cally dominated by Bragg scatter. The following example
comes from the Meteo-France Merlin-IV aircraft, flown
at an altitude of about 1.2 km along a near-radial towards
the radar through small cumulus, which were forming
in a line along a sea-breeze front. Figure 1(a) shows the
radar data for two cumuli that the aircraft penetrated. The
lower panel shows the measured dBZe X, while the mid-
dle panel shows the values of dBB inferred from dBZe X

and dBZe S, with the approximate aircraft track superim-
posed (dashed red line). The upper panel shows the series
of dBB values derived from the theory using the data
measured in situ with the aircraft along this track. These
data are shown in the upper three panels of Figure 1(b)
(water vapour, liquid water, and temperature). The bot-
tom panel in Figure 1(b) shows the contributions to the
relative electric permittivity (Equation (15)) from water
vapour, liquid water content and temperature, using the
same colour codes as in the panels above.

Both the radar and the aircraft measurements shown
in Figure 1 are typical of the clouds of that size on that
morning. The Bragg echoes were especially strong on that
day because of the relative dryness of the air entrained
into the clouds. The predicted values are in the range 8 to
14 dBB at the cloud edges, and −15 to 2 dBB in the cloud
cores; these are consistent with the radar measurements.
The lowest dBB estimates are not found in these radar
pictures, because of the larger sample volume of the radar
measurements. At this stage, there is no retrievable dBZ

signal because both radar signals are dominated by Bragg
scatter.

The Bragg echo is due to fluctuations, caused by mix-
ing, which are most intense at a thermal’s edges, where
the moister thermal air meets the drier air surrounding
the thermal. This results in the inverted-bowl shape of the
high-Bragg-echo region, often called a ‘mantel echo’. Dry
thermals exhibit the same pattern (Gossard and Strauch,
1983).

The bottom panel in Figure 1(b) demonstrates that the
water-vapour contribution is dominant, confirming the
estimates of Gossard and Strauch (1983). Since droplets
keep cloudy air at or near saturation, water-vapour fluc-
tuations must be well correlated with temperature fluctu-
ations. In clear air, and to some extent at cloud edges,
water-vapour fluctuations are probably due to incomplete
mixing of air masses with different vapour contents.

On days moister than 6 August 1995, the Bragg scat-
ter was correspondingly less intense. Its magnitude is
still well predicted by the aircraft measurements, in the
small-cumulus stage before collision and coalescence.
Figure 2(a) shows radar-observed values of dBB and
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OBSERVATIONS OF SMALL CUMULUS 1679

Figure 1. (a) Upper panel: time series of dBB values predicted from aircraft measurements through two small cumuli on 6 August 1995. Middle
panel: radar display of dBB for the same clouds penetrated by the Merlin aircraft. Lower panel: radar display of dBZe X. The dashed red line
indicates the approximate path of the aircraft. The time series and radar images are scaled, each showing about 5 km, to facilitate comparison.
The zero distance of the time-series scale corresponds approximately to the right-hand edge of the radar display (about 13.5 km range). Exact
correspondence between the panels is not to be expected, as the aircraft was slightly displaced from the radar measurement in both space and
time. (b) In situ measurements from the aircraft. The top three panels show water-vapour content, liquid-water content, and temperature. The
bottom panel shows the contributions of each of these variables to the relative electric permittivity (dielectric constant) according to Equation
(15). Also shown, in black, is the relative electric permittivity measured independently with a refractometer. Since it is the fluctuation rather

than the absolute value that is important, the mean value has been subtracted.

dBZ, together with aircraft-predicted dBB values, for an
interesting pair of clouds on 22 July 1995. A detectable
but weak dBZ signal exists for these taller clouds. The
mantel echoes are similar, differing only in magnitude
from those of 6 August (Figure 1(a)). The predicted
Bragg scatter for the cloud edges on 22 July is about
0 to 12 dBB (Figure 2(a)), which is similar to the radar-
observed values. The predicted value for the interior of
the cloud thermals is around −8 to −1 dBB, which is also
consistent with the radar-observed values. Figure 2(b)
shows a cloud before collision and coalescence, from
a day with an even moister environment, and so even
weaker Bragg scatter, than that shown in Figures 1(a) and
2(a). The radar signal, about 2 to 7 dBB at the edges, is
again well predicted by the aircraft measurements.

Incidentally, the cloud on the right-hand side of
Figure 2(a) appears to be composed of two superim-
posed but separate thermal elements. The importance of
the multi-thermal nature of cumulus clouds has been
explored by Mason and Jonas (1974) and Blyth and
Latham (1997).

4. Adiabatic cores

Like radar observations, aircraft measurements typically
show more mixing near the cloud edge than in the
centre. Occasionally an interior region has fluctuations

so low that the region is thought to be adiabatic (Jensen
et al., 1985; Lawson and Blyth, 1998). Similarly and
analogously, the Bragg-signal intensity of a cloud’s
interior region is occasionally found to be especially
low: for example, see Figure 3. In Figure 3, the aircraft
penetration was through a cloud similar and near to that
shown on the radar display. The prediction for dBB in
what appears to be an adiabatic region is about −10 dB.
The especially-low dBB values measured by the radar
are also about −10 dB. Therefore, we interpret such
regions as adiabatic cores.

To be identifiable by radar, an adiabatic region must
be at least as large as the radar pulse volume. The length
of the radar samples, in the radial (range) direction,
is 100 m. The samples are only semi-independent, as
the radar pulse length is 150 m with samples taken at
100 m resolution. The width of the sample volume, in
directions perpendicular to the radial direction, varies in
direct proportion to the range, and is about 100 m at a
range of about 15 km. The observations presented here
were made at ranges of 4–21 km, with most between
10 km and 16 km. The aircraft probes have sample
areas typically from a few square millimetres to a few
square centimetres. In the direction of motion, their
spatial resolution is typically 4–100 m, depending on the
time response of the particular probe. Calculations for
estimating dBB have been adjusted to yield independent
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Figure 2. (a) Upper panel: aircraft-predicted values of dBB for a penetration of two clouds on 22 July 1995. Lower panels: radar displays of
dBB and dBZ for the same clouds. Note that the radar detects the aircraft. (b) Radar display of dBB, and the predictions based on in situ
measurements, made at an altitude of about 1.2 km, through the same cloud on 10 August 1995. As in Figure 1(a), dashed red lines indicate the
approximate paths of the aircraft. The time series and radar images are scaled to facilitate comparison, and the zero distances of the time-series

scales correspond approximately to the right-hand edges of the radar displays.

samples at about 100 m resolution. Thus, in the direction
of motion, the aircraft estimates approximately match the
radar’s resolution. However, in the other directions, the
aircraft sample lengths are many orders of magnitude
smaller. The large radar sample volume, as compared
with the aircraft sample volume, explains why adiabatic
values are more common in the aircraft estimates – that
is, why the lowest predicted dBB values in Figures 1
and 2 do not appear in the corresponding radar images.

While the mantel echo is typical for small cumulus
clouds, only rare cases have sufficiently low Bragg
intensity in the interior to suggest adiabaticity by our
interpretation. This is consistent with what we would
expect from SCMS aircraft observations of adiabatic
cores. Lawson and Blyth (1998) have searched every
aircraft penetration of five SCMS research days, and
rarely found adiabatic regions larger than 100 m in
length. Blyth et al. (2005) have looked at the percentage
of 10 Hz aircraft samples (about 10 m spatially-averaged
data) that had liquid-water content greater than 80% of
the estimated adiabatic value. Just above cloud base, it
was only 18%. At 300 m and 1 km above cloud base,
it was just under 8%; and at 2 km above cloud base, it
was less than 4%. Given the much-larger sample volume
of the radar, we would expect radar observations of
adiabatic cores to be considerably less common (Here
we mean less common in terms of the percentage

of observations that indicate adiabatic ascent. Since
the radar in SCMS sampled many more clouds than
the aircraft did, the total number of adiabatic radar
observations could be greater than the total number from
aircraft.) than aircraft observations of adiabatic samples;
indeed, cases like that shown in Figure 3 are very rare.

Knight and Miller (1998) interpret relatively-horizontal
X-band radar contours as indicative of adiabatic cores.
Although they do not quantify how horizontal the con-
tours should be to indicate adiabatic cloud, they do show
six examples that they believe are sufficiently horizon-
tal to indicate adiabatic ascent. Their interpretation and
examples suggest a more frequent occurrence of adiabatic
cores than is indicated by our interpretation.

In an adiabatic parcel, droplets grow with ascent and
shrink with descent. Therefore, horizontal variations in
reflectivity are small compared with vertical variations
in reflectivity, and this creates relatively-horizontal con-
tours. However, it is also true that in non-adiabatic
parcels, droplets tend to grow with ascent and shrink
with descent. Only with quite a large horizontal variation
in droplet concentration or liquid-water content would
the X-band contours not be relatively-horizontal. Adi-
abaticity is destroyed by entrainment. Entrainment is,
essentially, cloud mixing with environment. Mixing con-
tinues and reduces the gradients created by entrainment.
Thus, it is feasible to have had entrainment (non-adiabatic
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OBSERVATIONS OF SMALL CUMULUS 1681

Figure 3. Lower panel: radar-measured dBB for a small cumulus
on 6 August 1995 that has unusually low values in the interior,
interpreted here as an adiabatic core. Upper panel: predictions from
in situ measurements made at an altitude of about 1.3 km in a similar

nearby small cumulus with a large adiabatic core.

cloud) and horizontal gradients small enough to cause
relatively-horizontal radar contours. The same applies to
our method of identification of adiabatic cores. Theoreti-
cally, post-entrainment mixing could reduce the gradients
to yield very low dBB values. The relevant length scales
of the gradients differ between cases, as do the sensitivi-
ties of the methods to those gradients. We argue that low
dBB values constitute a more sensitive signature of adi-
abatic cloud regions than relatively-horizontal contours,
and that relatively-horizontal contours may be interpreted
as indicative of sustained updraught.

Knight and Miller (1998, figures 8 and 9) show a con-
sistency between the assumption of adiabatic ascent, a
simple drop-growth model, and the measured dBZ val-
ues. However, their analysis does not demonstrate sen-
sitivity to breaching the assumption of adiabatic ascent;
therefore, it does not convincingly prove that the case
shown is one of adiabatic ascent. Nevertheless, we agree
with Knight and Miller’s point that such analysis could
be useful for estimating cloud properties from radar mea-
surements.

5. Cloud sizes

Depending on range and sensitivity, the Rayleigh echo
from small droplets may be too weak to be detected.

Hence, Rayleigh echoes do not always reveal the entire
cloud. The Bragg echo, on the other hand, typically
reveals the edges of thermals, wet or dry. Thus, the
Bragg echo can be a better measure of a cloud’s true
extent. However, one cannot equate the Bragg mantel
echo with the liquid-water cloud, because a cloud can
partially or totally evaporate, and the remaining water-
vapour fluctuations can create a Bragg echo that looks
the same as if a liquid-water cloud were still there. An
example is shown in Figure 1(a). The aircraft flew from
right to left in the radar picture, and thus, according to
the radar, it penetrated a larger cloud first and then a
smaller one. But the aircraft liquid-water trace indicates
just the opposite. The small liquid-water cloud penetrated
first is surrounded by a region of high humidity, with
large fluctuations in the humidity. Note that the aircraft
prediction of dBB does agree with the radar picture’s
cloud sizes. In this case, the thermal-like flow is large,
and revealed by the Bragg echo, but the liquid-water
cloud is much smaller. This was a rare case in the data we
surveyed. It seems that these clouds do not usually detrain
large amounts until they reach their maximum height,
where they mix out and evaporate entirely. The example
in Figure 1(a) is just at that stage. Once the liquid water
had completely evaporated, the humidity fluctuations, and
thus the Bragg echo, quickly weakened.

6. The Kolmogorov microscale

To predict dBB from aircraft measurements, and to
derive dBB and dBZ from dBZe S and dBZe X, we
assume that the humidity fluctuations obey Kolmogorov’s
scaling law for passive scalars in the inertial subrange of
isotropic homogeneous turbulence. In the latter case, the
assumption is that it holds for the specific range of scales
between the two radar half-wavelengths, which is approx-
imately 1.5–5 cm. In this case, when Bragg scatter dom-
inates both radar signals, the difference between dBZe S

and dBZe X should be about 19 dB (Knight and Miller,
1998). When the Rayleigh scatter begins to significantly
affect the X-band signal, then dBZe S − dBZe X falls
below 19 dB, and when the Rayleigh scatter dominates
both radar signals, dBZe S − dBZe X should be zero.

Observations of dBZe S − dBZe X often exceed
19 dB, however. Knight and Miller (1998) point out sev-
eral explanations for this: the two radar volumes do not
coincide exactly, which can cause dBZe S − dBZe X to be
artificially low or high where there are strong gradients in
dBZe X or dBZe S; and there are statistical fluctuations,
of a few decibels, due to averaging over a finite number
of independent radar returns. We will now present and
motivate another possible explanation.

Our hypothesis is that the Kolmogorov microscale
is larger than 1.5 cm, so that the scaling laws of the
inertial subrange do not apply in the range 1.5–5 cm,
as assumed; rather, the energy spectrum falls off more
steeply because of viscous effects.

This hypothesis is supported by previous work, in
which the empirical microscale ηt, defined as the length
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scale at which viscous dissipation becomes significant, is
found to be considerably larger than the scaling estimates
ηe of it. Using measurements of geophysical fluid flows,
Chapman (1979, figure 13) found ηt to be approximately
10 × ηe, where ηe was estimated as LR−3/4. Here L is
the length scale of the flow – cloud in this case – and
R is the Reynolds number. For cumulus, this typically
yields something of the order of a millimetre. Similarly,
using data from (Hill, 1978), Gossard et al. (1984) found
ηt to be 25 × ηe, where

ηe =
(ν3

ε

) 1
4
,

ν being the kinematic viscosity and ε the rate of energy
dissipation. In fact, it is fair to say that Gossard et al.
(1984) predict the result we hypothesize here.

Further motivation comes from averaging over a num-
ber of neighbouring radar volumes, particularly where
gradients are weak. The process of averaging reduces
the magnitude of the statistical causes of variation in
dBZe S − dBZe X. We find that dBZe S − dBZe X still
tends to be greater than 19 dB for many of these cases.
Figure 4 shows an example. Here dBZe S − dBZe X,
averaged over the region inside the boundary shown, is
greater than 22 dB.

The derivation of dBB and dBZ from dBZe S and
dBZe X is largely unaffected by the breach of assumption
implied by the above hypothesis. The predictions of dBB

from the aircraft-measured water-vapour fluctuations are
also largely unaffected. In this case, the assumption is
that the scaling law holds from much larger scales of the
in situ measurements, down to the 5 cm scale, which is
still a good approximation for water vapour.

7. An unexpected correlation for larger clouds

Predictions from in situ measurements agree well with
radar observations of small cumulus whenever the cloud
droplets are still primarily in the stage preceding collision
and coalescence. As the clouds develop, the droplets
grow larger and the Rayleigh term comes into play.
Mixing in of dry air at the cloud edges reduces the
number and size of the droplets. Thus, dBZ should be
greatest in the cloud interior, and, since droplets grow as
they ascend, dBZ should increase with height until the
hydrometeors are large enough to descend by gravity.
This evolution is typically observed in the derived dBZ

data. It is also sometimes observed that dBB remains
essentially unchanged as the droplet sizes increase: it
remains greatest at the cloud edges, where mixing of
cloudy and clear air first occurs. Figure 5 shows such a
case, where the expected spatial anti-correlation between
dBB and dBZ is apparent. This was typical when the
Bragg scatter was very strong.

However, the opposite was observed when the mag-
nitude of the Bragg scatter was much less (Figure 6(a)).
The Bragg scatter is now greatest in the interior, and

Figure 4. Plots of dBZe S and dBZe S − dBZe X for a small cumulus
dominated by Bragg scatter. The average value of dBZe S − dBZe X

in the outlined region is 22.4 dB.

increases with height, much like the Rayleigh scatter. In
this case dBB is spatially correlated with dBZ. Knight
and Miller (1998) present this unexpected correlation in
another way. They show that dBZe S − dBZe X tends to
a value of about 10 dB in these so-called ‘mystery’ echo
clouds. Erkelens et al. (2001) review the data presented
by Knight and Miller, and present a number of arguments
whereby the Bragg scatter in the interior of the cloud
could be dominated by return from the droplets rather
than by water vapour. Below we present evidence for this
explanation, based on the in situ and radar observations
of SCMS. Coherent back-scattering from droplets may
equivalently be called Bragg scatter from liquid-water
fluctuations (Equation (17)). Erkelens et al.consider var-
ious explanations for how the liquid-water fluctuations
could dominate the water-vapour fluctuations, including
scenarios where liquid water mixes passively and sce-
narios where droplet inertia causes anomalous diffu-
sion (clumping) of the droplets on centimetre scales.
Figure 1(b) shows that the former scenario is not occur-
ring in the SCMS cumulus, confirming the original com-
parison of the magnitude of the terms by Gossard and
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Figure 5. Plots of dBZe S, dBZe X, dBB and dBZ, for a cloud in the more-developed collision–coalescence stage, on 6 August 1995. The dBZ

plot shows a light precipitation shaft, while the dBB plot shows strong mixing on the edges. Essentially dBZe S is equal to dBB, since even at
this stage the S-band signal is still dominated by Bragg scatter, on this day. Note that dBZe X would be difficult to interpret alone. Its signal is

dominated by Rayleigh scatter in some areas and by Bragg scatter in others.

Strauch (1983). By our interpretation of the data, the
latter scenario is probably occurring. We call these liquid-
water fluctuations ‘anomalous’ because they exceed those
that would result if liquid water mixed as a passive
scalar. In Figure 6(a), the Bragg scatter caused by liquid
water reaches an effective value of about 4 dBZ for the
3 cm-wavelength (X-band) radar. It reaches higher val-
ues – but not more than 10 dBZ – in the general dataset.
This confounds attempts to derive Rayleigh-scatter val-
ues below this level using a dual-wavelength (3 cm and
10 cm) radar system.

7.1. Observations and analysis

During SCMS there were far fewer penetrations at
higher altitudes, where collision and coalescence were
just beginning, than in the smaller early-stage cumulus.
However, the Bragg scatter expected from water-vapour
fluctuations at those higher altitudes can still be estimated
from environmental soundings together with in situ
measurements from lower altitudes. Assuming that, for
a given field of clouds, the turbulent-mixing process

is similar at all cloud heights h, the intensity of the
Bragg scatter is simply proportional to the square of the
difference in water-vapour content ρv between the cloudy
and clear air being mixed (see Appendix B):

B(h) ∝ (
�ρv(h)

)2
.

The constant of proportionality is estimated from mea-
surements in small cumulus, where it has already been
demonstrated that Bragg scatter is due to water-vapour
fluctuations. The quantity (�ρv(h))2 is estimated from
the vertical soundings that were taken in the vicinity of
the clouds by the aircraft. Two values of (�ρv(h))2 are
estimated. One value is based on the difference between
an adiabatic cloud parcel and the environment at the same
height:

�ρv(h) = ρadiabatic(h) − ρenvironment(h).

This represents the maximum possible (�ρv(h))2, and
thus gives us a prediction for the magnitude of the Bragg
scatter at the cloud edges. The second value provides an
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Figure 6. (a) The Bragg reflectivity pattern (dBB) and the Rayleigh reflectivity pattern (dBZ) for a cloud on 10 August 1995 that was beginning
to produce precipitation-sized particles. At this stage of development it was common on this day for the Bragg reflectivity to be maximal high up
and in the core of the cloud, much as the Rayleigh reflectivity is. Note the spatial correlation between the two signals in this picture, compared
to the anti-correlation seen in Figure 5. (b) The Bragg and Rayleigh reflectivity patterns for a cloud on 22 July 1995 that was also beginning to
produce precipitation-sized particles. On this day the maximum in the Bragg scatter is not clearly in the core, as in (a), nor is it clearly near the

edge, as in Figure 5.

estimate for the cloud-interior maximum Bragg scatter
by finding the maximum difference between an adiabatic
parcel and all possible mixed parcels, assuming that the
mixed parcels are saturated:

�ρv(h) = max
{
ρadiabatic(h) − ρmixed(h)

}
.

Figure 7 shows the comparison for the cloud shown
in Figure 5. This was a dry-environment day with large
Bragg scatter, and the cloud had just begun to form
precipitation. The agreement seen for the majority of
the points suggests that the Bragg scatter at all lev-
els in this cloud was caused by water-vapour fluctua-
tions.

Figure 8 shows the comparison for the early-
precipitating-stage cloud shown in Figure 6(a), on a
moist-environment low-Bragg-scatter day. Contrary to
predictions, an increase of Bragg scatter with altitude is
observed, especially for the interior values, which reach

12 dBB in the upper portion of the cloud. Thus, the
water-vapour fluctuations cannot account for the Bragg
scatter, and there must be another source. Since Rayleigh
scatter comes from cloud droplets, the spatial correlation
between the Bragg and Rayleigh echoes (Figure 6(a))
suggests that the cloud droplets constitute this other
source: in other words, the extra fluctuations in electric
permittivity are due to fluctuations in the liquid-water
content. This source of Bragg scatter is represented by
Equation (17). Since the Bragg scatter is increasing
with height, it seems that the liquid-water fluctuations
are increasing as the liquid water itself increases, or,
similarly, as the droplets grow larger.

Figure 9 shows a comparison like those of Figures
7 and 8, but from a day with intermediate mois-
ture content. Figure 6(b) shows a radar image of this
cloud. Here the cloud-edge values are reasonably con-
sistent with the predictions, as in Figure 7, and so
water-vapour fluctuations can account for the Bragg
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Figure 7. Predicted Bragg scatter, assuming that the water-vapour
contribution is dominant, plotted against pressure (height), on 6 August
1995. The observed values are also plotted. The solid line and triangles
represent the cloud edge; the dashed line and asterisks represent the
cloud interior. The cloud-interior points that exceed the prediction are
circled for emphasis. They are few, and do not greatly exceed the

prediction.

Figure 8. Predicted Bragg scatter, assuming that the water-vapour
contribution is dominant, and the radar-observed values, plotted against
pressure (height), on 10 August 1995. Lines and symbols are as in
Figure 7. The cloud-interior points that exceed the prediction are circled

for emphasis. There are many that greatly exceed the predictions.

scatter there. The cloud-interior observations, however,
exceed the predictions, as in Figure 8, and so, by
our interpretation, liquid-water fluctuations must account
for the Bragg scatter there. In the upper cloud, val-
ues of 5–10 dBB are observed both in the interior
and on the cloud edges, although the former are due
to liquid-water fluctuations and the latter to water-
vapour fluctuations. There is no clear maximum in the
interior, as in Figure 8, nor in the edge regions, as in
Figure 7.

It appears that in the small clouds that contain only
small droplets, the water-vapour fluctuations are the
dominant cause of the Bragg scatter. However, as the
liquid-water content increases and the droplets grow
larger, another contribution can come into play, namely
the liquid-water fluctuations. By the time precipitation

Figure 9. Predicted Bragg scatter, assuming that the water-vapour
contribution is dominant, and the radar-observed values, plotted against
pressure (height) on 22 July 1995. Lines and symbols are as in Figure 7.
The cloud-interior points that exceed the prediction are circled for
emphasis. Notice that the sounding-based predictions imply an increase
in intensity with height. The edge observations fit this prediction quite
well, whereas the observed core echo intensity increases with height

more than predicted.

begins to form, the liquid-water contribution to the Bragg
scatter has reached a value of about 5–10 dBB. Whether
this contribution is significant depends on the magnitude
of the water-vapour contribution which differs from day
to day depending on the environmental sounding. On 6
August 1995, the water-vapour fluctuations were strong,
and dominated the Bragg scatter. On 10 August, the
water-vapour fluctuations were weak, and the liquid-
water fluctuations came to dominate the Bragg scatter. On
22 July, the liquid-water fluctuations came to dominate
for the cloud interiors but not for the cloud edges. As
precipitation develops further, Rayleigh scatter dominates
both radar, and no further observations of Bragg scatter
in the cloud cores are possible.

7.2. Discussion of anomalous liquid-water fluctuations

Liquid-water fluctuations, as defined here, exceed those
due merely to the random placement of the droplets: they
refer to fluctuations in the expected value of the liquid-
water content. This may be defined as the ensemble-
averaged value in a volume around a given position,
in the limit as the volume shrinks to zero. Consider
the simple situation where all the droplets in a cloudy
volume are randomly placed with equal probability at
every position. At any given instant, the actual amount of
liquid water in a finite volume would vary with location
and time; however, the expected value of the liquid-water
content would be constant throughout the cloudy volume.

The expected liquid-water content in clouds can vary
because of mixing. However, if the liquid water were sim-
ply mixed like a passive scalar, its power spectrum would
have a −11/3 slope in the inertial subrange (Tennekes
and Lumley, 1972), and the contribution to the Bragg
scatter would be negligible. This last fact is demon-
strated in Figure 1(b), which shows the contributions to
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the relative-electric-permittivity fluctuations from many
sources, including liquid-water fluctuations, assuming a
−11/3 power law. The radar observations of Bragg scat-
ter from liquid water therefore imply the existence of
liquid-water fluctuations that significantly exceed those
that would be expected if the liquid water were mixed as
a passive scalar.

Analyses of high-rate liquid-water measurements in
stratocumulus (Davis et al., 1999; Gerber et al., 2001)
and in SCMS cumulus (Gerber et al., 2001) also suggest
the existence of anomalous liquid-water fluctuations. This
is observed via the liquid-water power spectrum, which
can exhibit a scale break (at 2 m for cumulus and 5 m for
stratocumulus), with a flattening of the slope at smaller
scales. Gerber et al.note that this was observed only
for some cumulus-cloud passes, while for others the
measured one-dimensional liquid-water power spectrum
followed the −5/3 slope all the way down to 20 cm, the
smallest resolved scale. According to our interpretation of
the observations presented above, the anomalous liquid-
water fluctuations increase with cloud height, and thus,
simultaneously, as the droplets increase in size. It would
be interesting to determine whether the same correlation
exists for the liquid-water power-spectrum indications of
anomalous fluctuations.

The physical explanation of the anomalous fluctuations
is uncertain. However, the observations are consistent
with the following scenario. The larger the droplets,
the more their inertia causes them to deviate from the
turbulent-fluid paths. This causes them to congregate as
they are thrown out of regions of high vorticity. Such an
effect has been observed and modelled (Crisanti et al.,
1992; Fung and Perkins, 1989; Lazaro and Lasheras,
1989; Squires and Eaton, 1991; Shaw et al., 1998;
Vaillancourt, 1998), but for situations notably different
from ours (Grabowski and Vaillancourt, 1999).

Given this (possible, but speculative) scenario, the
SCMS radar observations may be explained as follows.
When the droplets are small, they follow approximately
fluid paths. The liquid-water power spectrum, like the
water-vapour power spectrum, follows a −11/3 power
law. The water vapour then dominates the Bragg scatter,
and the expected maximum near the cloud edges is
observed. As the drops grow larger, they begin to
congregate at centimetre scales, causing their contribution
to the Bragg scatter to increase. Whether the liquid-water
contribution remains small compared with the water-
vapour contribution, or comes to dominate it, causing a
Bragg maximum in the interior where droplets are largest,
depends on the environmental conditions. Notably, the
magnitude of the water-vapour contribution to Bragg
scatter varies with the environmental conditions, while
the droplet contribution to Bragg scatter varies with the
droplet sizes, and hence with height.

8. Conclusions

Radar observations of Bragg scatter from small cumulus
clouds have been interpreted in conjunction with in

situ aircraft measurements. A method of estimating the
various Bragg terms from in situ aircraft observations has
been derived and validated.

During the early stage of cumulus clouds, before col-
lision and coalescence, Bragg scatter is caused by water-
vapour fluctuations. The agreement between the predic-
tions based on aircraft measurements and the radar obser-
vations is consistent over a variety of situations. The
agreement exists across cloud where the magnitude of
Bragg scatter can vary by two orders of magnitude. It
exits across different days where the magnitude varies by
one order of magnitude and it exists using different instru-
ments on different aircraft. Thus, we have confidence in
the theory of Bragg scatter and in our interpretations of
the observations during the early stage in which Bragg
scatter is caused by water-vapour fluctuations.

These interpretations include identification of large adi-
abatic cores, as well as regions of entrainment and mix-
ing, and an estimation that the Kolmogorov microscale
is on the centimetre scale.

Interpretation of the radar signals when the cloud
droplets have grown larger is less straightforward than for
the small-droplet clouds. Another source of Bragg scatter,
apparently due to liquid-water fluctuations, comes into
play. The existence of these anomalous fluctuations may
have implications for understanding and modelling cloud-
physical processes such as collision and coalescence.
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A. Appendix: Derivation of the radar equation

Here the radar equation is derived, including both the
Rayleigh and the Bragg components, using a single
mathematical model. At distances r much greater than the
dimensions L of the radar, the magnitude of the outgoing
electric field produced by linearly-polarized radar in a
vacuum can be written as

Et =
√

G(θ, φ)

r

√
Pt

2πcε0
cos(ωt − kr), (A1)

where the radar is taken as the origin of a spherical
coordinate system (r, θ, φ), Pt is the transmitted power,
G is the normalized antenna gain, satisfying

∫ π

0

∫ 2π

0
G(θ, φ) sin φ dθ dφ = 4π,
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c is the speed of light, ε0 is the electric permittivity of free
space, ω is the angular frequency of the radar, k = 2π/η

where η is the wavelength, and t is time. The direction
of the electric field is perpendicular to r.

Consider a single scatterer of size � η at r � L. The
dipole moment induced in the scatterer can be written as
4πε0γEt, where γ is the polarizability of the scatterer (In
general, γ is a tensor relating the induced vector dipole
moment p and the imposed vector electric field Et, but
here isotropic scattering is assumed: the direction of p
and Et are the same, and the ratio of their magnitudes is
the scalar γ .). The magnitude of the electric field at the
radar due to this oscillating dipole is

γ k2

√
G(θ, φ)

r2

√
Pt

2πcε0
cos(ωt − 2kr). (A2)

For multiple scatterers, the resultant electric field is the
sum of the individual electric fields. Standard textbooks
on electricity and magnetism provide derivations of the
above expressions, which are good approximations in the
atmospheric situation under consideration. It is also a
valid approximation to ignore multiple scatter. Because
the radar is pulsed, the sum is over a finite volume of
depth cτ/2, where τ is the duration of the pulse. Thus
the magnitude of the relevant component of returning
electric field at the radar is

Er = k2

√
Pt

2πcε0

∫ R+ cτ
4

R− cτ
4

∫ π

0

∫ 2π

0

√
G(θ, φ)

× r−2 cos(ωt − 2kr)
∑

i

γi dNi, (A3)

where R = c�t/2, �t is the time between emission
of the pulse (measured from the centre of the pulse)
and measurement of the power, and dNi is a stochastic
differential that represents the number of type-i scatterers
in the volume

dV = r2 sin φ dθ dφ dr.

The sum over i, and subscripts i on γ and on dN , are
included for the case where there is more than one type of
scatterer. The differential dNi can be thought of as Ni dV

where Ni is a sum of delta functions at the locations of
the type-i scatterers. The expected value of

∑
i γiNi is the

deviation of the relative permittivity or dielectric constant
(ε/ε0, where ε is the electric permittivity) from 1.

The instantaneous values of Er vary considerably
because of movement of the scatterers. The radar mea-
sures the power received, Pr (which is proportional E2

r ),
averaged over some time period that is sufficiently short
so that the resolution in the range remains around cτ/2.
This does not sufficiently suppress the fluctuations, so
a number M of returns from nearly the same volume
are averaged. Thus, Equation (3) must be squared and
averaged. It must also be multiplied by the constant of
proportionality C1 between E2

r and Pr. For the purposes

of derivation, the average is considered to be an ideal
ensemble average, and is denoted by an overbar. The
actual radar measure is then an estimate of this ensem-
ble average. Assuming statistical homogeneity of the M

samples, the estimate improves with increasing M . Thus:

Pr = C1k
4 Pt

2πcε0

∫
V

∫
V

√
G(θ1, φ1)

√
G(θ2, φ2)

× r−2
1 r−2

2 cos(ωt − 2kr1) cos(ωt − 2kr2)

×
∑

i

∑
j

γiγj dNi(r1) dNj(r2), (A4)

where ∫
V

≡
∫ R+ cτ

4

R− cτ
4

∫ π

0

∫ 2π

0

and ideally G(θ, φ) is zero except in a small range,
typically of the order of 1°, in both θ and φ. The expected
number of type-i scatterers in the volume dV is

dNi(r) = λi(r) dV.

Here λi(r) is the number concentration of the type-i
scatterers at the position r. If i �= j or r1 �= r2, then each
realization, in the ensemble, of dNi(r1) is independent of
the corresponding realization of dNj(r2), so

dNi(r1) dNj(r2)

=
(

dNi(r1)2 − (
λi(r1) dV1

)2
)
δij δ(r1 − r2)

+ λi(r1)λj (r2) dV1 dV2, (A5)

where δij is Kronecker’s delta and δ(r1 − r2) is Dirac’s
delta function. To evaluate dNi(r)2, we assume that
the positioning of the scatterers is a general Poisson
process: they are randomly positioned, but the number
concentration λi may vary spatially. Since, for a Poisson
process, the variance equals the mean, i.e.

dNi(r)2 − (
λi(r) dV

)2 = λi(r) dV,

Equation (4) becomes:

Pr = C1k
4 Pt

2πcε0

×
(∫

V

G(θ, φ)r−4 cos2(ωt − 2kr)
∑

i

γ 2
i λi(r) dV

+
∫

V

∫
V

√
G(θ1, φ1)

√
G(θ2, φ2)

× r−2
1 r−2

2 cos(ωt − 2kr1) cos(ωt − 2kr2)

×
∑

i

∑
j

γiγjλi(r1)λj (r2) dV1 dV2

)
(A6)
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The first term represents Rayleigh scattering, and is
proportional to a weighted integral over the radar volume
of the local quantity ∑

i

γ 2
i λi(r).

When cτ � R and
∑

i γ 2
i λi is uniform over the volume,

variations in the weighting function

G2(θ, φ)r−4 cos2(ωt − 2kr)

are not important.
The second term, which can be written as

C1k
4 Pt

2πcε0

(∫
V

√
G(θ, φ)r−2

× cos(ωt − 2kr)
∑

i

γiλi(r) dV

)2

,

is commonly referred to as Bragg scatter. If we take

G(θ, φ)r−2

as constant in the radar volume and zero elsewhere, then
this term may be interpreted physically. It is proportional
to the square of the coefficient of the 2k term of the
Fourier series for∫ θmax

θmin

∫ φmax

φmin

∑
i

γiλi(r)r2 sin φ dφ dθ :

that is, the power at wave number 2k in the Fourier series
of the above function of (r). Since the beam is narrow,
this is essentially the same as the 2k term of the Fourier
series of the three-dimensional correlation function of∑

i γiλi(r), where |k| = k and the direction of k is the
direction of the radar beam.

In more physical language, the Rayleigh term depends
on the concentration and size of the scatterers, while the
Bragg term depends on spatial fluctuations of the relative
electric permittivity,

1 +
∑

i

γiλi(r).

B. Appendix: Estimating the radar signal from in
situ aircraft measurements

The functions λi(r) in Equation (6) are not directly mea-
surable. However, variables such as temperature, water-
vapour mixing ratio, and liquid-water content are mea-
sured (Liquid-water content was measured with CSIRO
hot-wire probes (King et al., 1978), water-vapour mix-
ing ratio with Lyman alpha hygrometers, and temperature
with Rosemount probes.). In the following, we rewrite
Equation (6) in terms of those measurable variables, so
that we may compare radar observations with in situ air-
craft observations.

It is possible to account for each type of molecule
explicitly, but this is not necessary if they are well-mixed
or rare. Trace constituents are ignored, and, since air is
generally very well mixed except for water vapour, only
two types of molecule are considered: dry air molecules
and water-vapour molecules. In situations where CO2 is
not well mixed, it should be explicitly handled, as water
vapour is here. Insects and aerosol are also ignored in
this derivation. Scattering from insects can be significant
in the boundary layer (Wilson et al., 1994). Knight and
Miller (1998) discuss insects as sources of radar back-
scatter in Florida, concluding that, while they probably
do contribute to radar signals in the SCMS data in some
circumstances, they are not responsible for the main
features of concern to us here. The only other scatterers
are water droplets of various sizes, which are assumed to
be spherical and small in relation to the radar wavelength.

Assuming, as discussed in Appendix A, that

G(θ, φ)r−2

and
G(θ, φ)r−4 cos2(ωt − 2kr)

can be replaced with their average values in the radar
volume, and letting

C2 = C1k
4GPt(2πcε0)

−1r−4,

the Rayleigh term can be succinctly written as

1

2
V C2

∑
i

γ 2
i �i (A7)

where

�i = 1

V

∫
V

λi(r) dV

is the average number concentration of type-i scatterers
in the radar volume. Note that we are now using the
notation ∫

V

≡
∫ R+ cτ

2

R− cτ
2

∫ φmax

φmin

∫ θmax

θmin

.

Since γ 2 is small for molecules, the only significant
Rayleigh contribution is from droplets, when they are
present. For droplets,

γ 2
i =

∣∣∣εb − 1

εb + 2

∣∣∣2
d6

i ,

where di are the droplet diameters and εb is the complex
dielectric constant of bulk water (Jackson, 1975, p. 149).
Thus the Rayleigh term can be written as

1

2

∣∣∣εb − 1

εb + 2

∣∣∣2
V C2

∑
i

�id
6
i = 1

2

∣∣∣εb − 1

εb + 2

∣∣∣2
V C2Z, (A8)
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where by definition

Z =
∑

�id
6
i .

Typically, radar processing returns

10 log10
2Pr

|εb − 1

εb + 2
|2V C2

,

which, if the Rayleigh term dominates the signal, is

10 log10 Z,

but more generally can be considered as

10 log10 Ze,

where Ze is an effective Z.
The total Bragg term is

C2

(∫
V

cos(ωt − 2kr)
∑

i

γiλi(r) dV

)2

, (A9)

where ∑
i

γiλi(r) = γdryλdry(r) + γvapλvap(r)

+
∑

i

γdi
λdi

(r). (A10)

Here the subscript ‘dry’ indicates dry air, subscript ‘vap’
indicates water vapour, and subscript di indicates a
droplet of diameter di . We first consider the sum of the
droplet terms:

∑
i

γdi
λdi

(r) =
∣∣∣εb − 1

εb + 2

∣∣∣ ∑
i

λdi
(r)d3

i

=
∣∣∣εb − 1

εb + 2

∣∣∣ 6

πρl
LWC(r),

where LWC is the liquid water content (in gm−3) and
ρl = 106 gm−3 is the density of liquid water. The overbar
on LWC emphasizes the fact that because the λi are
expected values, so is the LWC in this term. At any
given instant, the liquid water is in the discrete droplets,
and it makes no sense to talk about LWC(r) unless it
is a well-defined function: for example, the liquid water
in a finite volume centred on r; or the expected value
as that volume shrinks to zero. The former definition
has fluctuations due to random placement; the latter
does not. This applies to any physical measurement.
We mention it here because this distinction between
fluctuations due to random placements and fluctuations
in the expected value is analogous to the separation
of radar return into distinct Rayleigh and Bragg terms.
The Bragg term is due to fluctuations in the expected
value of electric permittivity, while the Rayleigh term
is due to random placement of the scatterers. In situ

measurements of LWC can also be separated into the
two effects; this may be regarded as estimating LWC(r)
by removing the additional variations due to sampling
statistics (Pawlowska and Brenguier, 1997).

The remaining terms

γdryλdry(r) + γvapλvap(r) (A11)

may be rewritten, using the ideal-gas law to relate number
concentrations λi to temperature T and pressure P , as

P

BT
γdry + ρvRv

(γv

B
− γdry

B

)
, (A12)

where ρv is the density of water vapour, Rv is the gas
constant for water vapour, and B is Boltzmann’s constant.

At radar wavelengths, the temperature dependencies of

∣∣∣εb − 1

εb + 2

∣∣∣
and γdry are weak, and these are regarded as constants:

∣∣∣εb − 1

εb + 2

∣∣∣ = 0.96

and
γdry

B
= 1.55 × 10−4 K mb−1.

Since the water molecule has a permanent electric dipole
moment, γvap/B is better modelled as

C3 + C4

T
,

where
C3 = 1.43 × 10−4 K mb−1

and
C4 = 7.4 × 10−1 K2 mb−1

(Doviak and Zrnic, 1992, p. 16). Our concern is with the
variation of the entire quantity

P

T

γdry

B
+ ρvRv

(
C3 − γdry

B

)
+ ρvRv

C4

T
(A13)

as P , ρv and T vary. This is estimated to first-order
variations in T and ρv. The middle term is much smaller
than the other terms, and so is ignored. Variations in P

are also ignored, because their effect is small compared
with the effects of variations in T and ρv. The variation
may then be written as

−
( P

T 2
ave

γdry

B
+ ρv aveRvC4

T 2

)
δT + RvC4

Tave
δρv, (A14)

where
δT (r) = T (r) − Tave � Tave

and
δρv(r) = ρv(r) − ρv ave.
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(Note that these averages are spatial averages of quan-
tities that are already ensemble-averaged.) This must be
added to ∣∣∣εb − 1

εb + 2

∣∣∣ 6

πρl
δLWC(r),

where

δLWC(r) = LWC(r) − LWC(r)ave,

and plugged back into Equation (9). This gives us

C2

(∫
V

cos(ωt − 2kr)

× (
C5δLWC(r) − C6δT + C7δρv

)
dV

)2

(A15)

for the Bragg-scatter contribution to Pr, where C5, C6

and C7 are given below together with the other constants
Cn.

Since LWC, T and ρv are not measured with high-
enough spatial resolution to allow us to estimate the
above integral directly, the square is expanded and
each of the resulting terms is estimated from data and
theory. Including the droplet Rayleigh term, there are
seven potentially-significant contributions to Pr. These
are given as (16) to (22) below. In these expressions, C1

is the constant of proportionality between E2
r and Pr,

C2 = C1k
4GPt(2πcε0)

−1r−4,

C3 = 1.43 × 10−4 K mb−1,

C4 = 7.4 × 10−1 K2 mb−1,

C5 =
∣∣∣εb − 1

εb + 2

∣∣∣ 6

πρl
= 1.76 × 10−6,

C6 = PT −2
ave γdryB

−1 + ρv aveRvC4T
−2

ave

= 1.55 × 10−4 K mb−1 · PT −2
ave

+ 3.4 × 10−3 m3g−1 K · ρv aveT
−2

ave ,

and

C7 = RvC4T
−1

ave = 3.4 × 10−3 m3g−1K · T −1
ave .

The contributions are:

∑
i

�id
6
i = Z, (A16)

∣∣∣εb − 1

εb + 2

∣∣∣−2
C2

5
2

V

(∫
V

cos(ωt − 2kr)

× δLWC(r) dV

)2

, (A17)

∣∣∣εb − 1

εb + 2

∣∣∣−2
C2

6
2

V

(∫
V

cos(ωt − 2kr)δT (r) dV

)2

,

(A18)

∣∣∣εb − 1

εb + 2

∣∣∣−2
C2

7
2

V

(∫
V

cos(ωt − 2kr)δρv(r) dV

)2

,

(A19)

− 2
∣∣∣εb − 1

εb + 2

∣∣∣−2
C5C6

2

V

×
(∫

V

cos(ωt − 2kr)δLWC(r) dV

)

×
(∫

V

cos(ωt − 2kr)δT (r) dV

)
, (A20)

2
∣∣∣εb − 1

εb + 2

∣∣∣−2
C5C7

2

V

×
(∫

V

cos(ωt − 2kr)δLWC(r) dV

)

×
(∫

V

cos(ωt − 2kr)δρv(r) dV

)
, (A21)

and

− 2
∣∣∣εb − 1

εb + 2

∣∣∣−2
C5C7

2

V

×
(∫

V

cos(ωt − 2kr)δT (r) dV

)

×
(∫

V

cos(ωt − 2kr)δρv(r) dV

)
. (A22)

Each of the terms (16) to (22) has been divided by

1

2

∣∣∣εb − 1

εb + 2

∣∣∣2
C2V,

because radar typically display

10 log10

( 2Pr

C2V

∣∣∣εb − 1

εb + 2

∣∣∣−2)

and label this dBZ, assuming that the term (16) domi-
nates over the other terms. However, we are interested
in cases where the term (16) is not necessarily dominant.
Thus, we call

10 log10

∑
i

�id
6
i

dBZ, and we call

10 log10

( 2Pr

C2V

∣∣∣εb − 1

εb + 2

∣∣∣−2)

for the 10 cm and 3 cm radar respectively dBZe S and
dBZe X, to emphasize that they are effective reflectivities.
For the Bragg signal, we consider what dBZe S would
be if Z were zero (using the common radar units of
mm6 m−3), and call this dBB.

The term (16) is easy to calculate from aircraft
measurements of the droplet sizes and concentrations.
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The terms (17), (18) and (19) are all of the form

2

V

(∫
V

cos(ωt − 2kr)f (r) dV

)2

.

Each of the functions f (r) is a physical variable mea-
sured in situ via the aircraft. However, these are three-
dimensional integrals, while the measurements are essen-
tially one-dimensional. Furthermore, the spatial resolu-
tion of the measurements is much too coarse for these
integrals to be computed directly. Therefore, we need
some assumptions in order to estimate them. The func-
tions f (r) are assumed to be homogeneous, isotropic ran-
dom functions. This gives a theoretical relation between
the three-dimensional quantities and the one-dimensional
measurements. We also assume that the power spectrum
of the measurements follows a −5/3 power law on scales
from 100 m to half the radar wavelength (5 cm). This
allows extrapolation to the desired small scales from the
larger measurable scales.

On pages 99–102 of Lumley’s book Stochastic Tools in
Turbulence, the following relation for isotropic homoge-
neous random functions on the infinite domain is derived:∣∣∣∣

∫ ∞

−∞

∫ ∞

−∞

∫ ∞

−∞
eik·xf (x) dx

∣∣∣∣
2

= F3(k
′)

= −2π

k′
∂F1(k

′)
∂k′ , (A23)

where

F1(k
′) =

∣∣∣∣
∫ ∞

−∞
eik′xf (x) dx

∣∣∣∣
2

. (A24)

Our other assumption is that

F1(k
′) = Cnk

′− 5
3 ,

so that
F3(k

′) = 10π

3
Cnk

′− 11
3 . (A25)

As an estimate, we use

F1(k
′) ≈ 1

L

∣∣∣∣
∫ L/2

−L/2
eik′xf (x) dx

∣∣∣∣
2

, (A26)

and we use Riemann sums to estimate this finite-domain
integral from the discrete aircraft measurements of f (x).
We then estimate Cn by dividing our F1(k

′) estimate by
k′−5/3 and taking the mean. Finally, we estimate

2

V

(∫
V

cos(ωt − 2kr)f (r) dV

)2

as F3(2k).
The terms (20), (21) and (22) are the cross terms in

the expansion of the square in Equation (15). These
are the most difficult of the terms to estimate. They
can be either positive or negative. However, if one
of (17), (18) or (19) dominates the other two, then it

also dominates the cross terms. Therefore, these cross
terms will not be of great significance unless two of
the terms (17), (18) and (19) are close in magni-
tude and the functions are well correlated. Generally,
the water-vapour term (19) dominates the Bragg-scatter
contribution, and so we do not need to consider the
cross terms any further here. In Section 7, we dis-
cuss the likelihood that the liquid-water term exceeds
the water-vapour term. When they are comparable, we
cannot in principle ignore the cross term, but as we
expect the water vapour and liquid water to be mostly
uncorrelated, we do not attempt to estimate the cross
term.
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